
D Y N A M I C  S T A B I L I Z A T I O N  OF T H I N  P L A S M A  F I L A M E N T S  

M. G. N i k u l i n  

The Routh function is found for a fine plasma filament (toroidal and rect i l inear) ,  exper ienc-  
ing smooth long-wave hosepipe and constr ic t ive perturbat ions in the case in which the ex-  
ternal  magnetic field is a combination of quadrupole and longitudinal fields. Different v a r -  
iants of dynamic stabilization of a filament a re  briefly discussed.  Combined dynamic 
stabilization of a straight  filament with an al ternat ing current  by means of constant quad- 
rupole and longitudinal fields is investigated by averaging with respect  to rapid osc i l la -  
tions. 

In [1,2] a method was developed for investigating the stability of fine plasma filaments relative to 
long-wave hosepipe and constr ic t ive perturbations.  The method was based on the fact that a plasma f i la-  

ment car ry ing  a current  can be t reated as an e lect romechanical  sys t em for  
which the Routh function can be calculated, thus making it possible for the 

~t~ p~ ~ 4  equation of motion to be obtained for  the fi lament close to the equil ibrium pos i -  
/ lion. This method turns out to be par t icu lar ly  effective for solving problems of 

the dynamic stabilization of plasma fi laments by quas i -s ta t ionary  h igh- f re -  
0./2 quency magnetic fields. It was shown in [2] that the Routh function R for sys tems  

/ ~ /  of this type can be written in the following form: 

R = T - -  W. (0.1),, 
s #.2 

Here i is the kinetic and W the general ized potential energy,  which is 
equal to the sum of the internal U and magnetic se l f -energy  W m of the sys t em 

o.o~ W =  U + W~. (0.2) 

j ~  If the expressions for T and W are known, the potential energy averaged 
~\k~ over the high-frequency oscillations of the motion can easi ly be obtained as a 

0 
~z c" quadratic fo rm with constant coefficients,  and this can be investigated without 

Fig. 1 difficulty. Using the method of averaging we can immediately  evaluate this or 
that variant  of dynamic stabilization. If resonance phenomena charac te r i s t i c  

for  sys tems with periodical ly varying pa rame te r s  have to be investigated, the equations of motion ob- 
tainable with the help of the Routh function can be t rea ted  directly.  

In the present  paper  we find the magnetic  se l f -energy  W m of a thin c i rcu la r  r ing of p lasma exper i -  
encing smooth long-wave constr ict ive and hosepipe perturbations for the case in which the external mag-  
netic field is a combination of quadrupole and longitudinal fields. In addition to the mechanical  Lagrangian 
(L = T - U ) ,  calculated in paper  [1], the magnetic se l f -energy  Wm gives us the Routh function 

R = L - - W ~ .  (0.3) 

The instantaneous Routhian for an infinite straight filament is found by passing to the limit. The r e -  
sults obtained a re  used for a br ief  discussion of famil iar  methods of stabilizing kinks in a plasma f i la-  
ment: the use of quadrupole and longitudinal magnetic  fields: the combined action of these fields on a 
straight  filament ca r ry ing  a high-frequency al ternat ing current  is also investigated (by the method of 
averaging).  
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1. Let  us c o n s i d e r  a thin c i r c u l a r  p l a s m a  r ing  whose the s m a l l e r  rad ius  is 
a and whose l a r g e r  rad ius  is b, b >> a. The p l a s m a  is a s s u m e d  to be ideal ly  con-  
duct ing,  i n c o m p r e s s i b l e  and nonv i scous .  The  r ing  is s i tua ted  in an ex te rna l  m a g -  
ne t ic  f ield having longitudinal  and t r a n s v e r s e  components  r e l a t ive  to the f i lament ,  
The b a s i c  t r a n s v e r s e  f ield exc i t es  a longitudinal  c u r r e n t  in the r ing  and s e r v e s  to 
s tab i l ize  the r ing  r e l a t i ve  to  its l a r g e r  rad ius .  In the ne ighborhood  of the p l a s m a  
f i lament  t h e r e  is a l s o  an addit ional  t r a n s v e r s e  f ield having a quadrupole  s t r u c -  
ture ,  which s t ab i l i zes  the f i l ament  with r e s p e c t  to hosepipe  pe r tu rba t ions ,  The 
m a g n e t i c  f ields and the c u r r e n t s  which they induce m a y  have h i g h - f r e q u e n c y  
componen t s .  

Le t  us  d e s c r i b e  p e r t u r b a t i o n s  of the r ing  by the funct ions  e(q~,t), 5(q,t),  
and ~ (q~,t) which a r e  smal l  c o m p a r e d  with uni ty:  

~, 8,1~ < i ,  (1.1) 

These  enable the equat ions  for  the axial  line and the s m a l l e r  rad ius  of the r ing  to 
be wr i t t en  in the f o r m  

r((p, t) = b[i + e((p, t)], z((p, t) = b5 ((p, t), a_((p, t) = a [ i  + a((p, t)]. (1.2) 

H e r e  r ,  ~o, and z a r e  cy l ind r i ca l  coo rd ina t e s  of the axial  l ine of the f i l a -  
ment ,  a~ is the va r i ab le  r ad ius  of t r a n s v e r s e  c r o s s  sec t ion ,  p e r p e n d i c u l a r  to the p e r t u r b e d  axis  which is 
thus cons ide red  to be c i r c u l a r .  

It is convenient  to in t roduce  a d i s c r e t e  desc r ip t ion ,  expanding e, 5, and a in F o u r i e r  s e r i e s  of the 
f o r m  

e (% t) = So (t) -1- ~ [ant (t) cos nq~ + an, (t) sin n(p]. (1.3) 

We shal l  take the p e r t u r b a t i o n s  of the f i l ament  to be smooth ,  i .e . ,  such that  the d i sp lacemen t  
sa t i s f i e s  the inequal i ty  

k~  ~ I. (1.4) 

whe re  k = n / b  is the wave n u m b e r  of a given pe r tu rba t ion .  Since ~ ~ be,  b6, ao~, (1.4) m a y  be wr i t ten  in the 
f o r m  

ns,~ (~), nSnc(s), n - ~ - a ~ c ( s ) ~ i ,  (1.5) 

Condit ions (1.5) f o r  e and 6 a r e  m o r e  r e s t r i c t i v e  than (1.1) and mean that the h igher  h a r m o n i c s  in 
expans ions  of type (1.3) have a van ish ing ly  smal l  weight.  We shall  a l s o  a s s u m e  that kinks in the f i lament  
a r e  "overdeveloped ,"  i .e . ,  ~ >> a, o r  what is the s a m e ,  e, 5 >> a/b.  Thus in the case  u n d e r  cons ide ra t ion  the 
kinks mus t  sa t i s fy  the fol lowing inequal i t ies  

ka - ~  k~k ~ t ,  (1.6) 

We note that in the o r d i n a r y  m a g n e t o h y d r o d y n a m i c  a p p r o a c h  k~k << ka, while ka can be a r b i t r a r y .  

Unde r  the a s s u m p t i o n s  made  above,  the k inet ic  and in te rna l  ene rg i e s  a r e  defined [1] by the e x p r e s -  
s ion 

H e r e  

U -- U{ ~ - -  poV(O) [<2o~ + s + 2as + a ~ + t/~ (a'~ + 6'~)>--~]~ ~'(2~o +ao)q, (1.8) 

~n .2 ~ ~nc .2 .~ O~ns "~, ~n'an" ~ ~ne'anc" .y~-. ~ns'~ns". 

en 2 and 6n "2 have a s t r u c t u r e  s i m i l a r  to O~n2; M is the m a s s  of the r ing;  Po is the equ i l i b r ium gas  p r e s s u r e ;  
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Y is  the  a d i a b a t i c  exponent ;  c e r t a i n  e q u i l i b r i u m  quan t i t i e s  a r e  deno ted  by  the  s u p e r s c r i p t  (0), a dot in the  
p r i m e  p o s i t i o n  deno te s  d i f f e r e n t i a t i o n  with r e s p e c t  to  t i m e ,  the  p r i m e  deno tes  d i f f e r e n t i a t i o n  with  r e s p e c t  
to  q~, whi le  a n g l e  b r a c k e t s  denote  an a v e r a g e  with r e s p e c t  to  ~p; 

o 

The  func t ions  T and U a r e  ob ta ined  on the a s s u m p t i o n  that  c ond i t i ons  a r e  g l o b a l l y  a d i a b a t i c ,  i . e . ,  
when the gas  p r e s s u r e  is r e l a t e d  to  the  to ta l  v o l u m e  of the  r i n g  by  the a d i a b a t i c  equat ion .  

2. L e t  us  now f ind the m a g n e t i c  s e l f - e n e r g y  W m  of the  r ing .  It was  shown in [2] tha t  in the  " l o c a l -  
c y l i n d e r "  a p p r o x i m a t i o n ,  when the f i l a m e n t  can be  c o n s i d e r e d  c y l i n d r i c a l  o v e r  s e c t i o n s  s m a l l  c o m p a r e d  
with  the  w a v e l e n g t h  of the  p e r t u r b a t i o n ,  and  the  e x t e r n a l  f i e ld  v a r i e s  by  only a s m a l l  amoun t  o v e r  a d i s -  
t a n c e  on the o r d e r  of the r a d i u s  a of the  f i l a m e n t ,  the  m a g n e t i c  s e l f - e n e r g y  i s  

(I)i ~ ~ dl 
W,~ (O~ ~-8-~-I[(Be.':)2-- 2B e2] d V + g - y - j - g -  L2 L (2.1) 

H e r e  ~0 and ~ i  a r e  the  to ta l  m a g n e t i c  f i e ld  f lux t h rough  the  r ing ,  and  the f lux of f i e l d  p a s s i n g  th rough  
the  t r a n s v e r s e  c r o s s  s e c t i o n  of the  f i l a m e n t  and  f r o z e n  into  the  p l a s m a  (as the  r e s u l t  of idea l  c ondu c t i v i t y  
t h e s e  f luxes  a r e  c o n s e r v e d ) ,  ~ e  is  the  f lux of e x t e r n a l  f i e l d  B e p a s s i n g  t h r o u g h  the p e r t u r b e d  r ing ,  L is the  
s e l f - i n d u c t i o n  c o e f f i c i e n t  of the  r i ng  f o r  the  long i tud ina l  c u r r e n t ,  T is a uni t  v e c t o r  t angen t i a l  to  the  a x i a l  
l ine  of the  f i l a m e n t ,  and  S is  the  a r e a  of t r a n s v e r s e  c r o s s  s ec t ion .  

In the  c a s e  u n d e r  c o n s i d e r a t i o n  the c o m p o n e n t s  of the  e x t e r n a l  m a g n e t i c  f i e ld  B e in the  n e i g h b o r h o o d  
of the  r i n g  in e q u i l i b r i u m  can be  e x p r e s s e d  in the fo l lowing  f o r m  with  an a c c u r a c y  to  q u a d r a t i c  t e r m s  in z 
and  r - b :  

B,  ~ = zG (t), b B.~-~-- -uBe( t  ), B ~ = B b ( t ) + ( r - - b ) G ( t )  

( G = Gb -]- Gq.= ( OBze l Or)r=b, z=o) ,, 

(2.2) 

H e r e  Be and B b a r e  the  v a l u e s  of the  long i tud ina l  and t r a n s v e r s e  f i e l d s  on the  c i r c l e  r = b, z = 0; G b 
and Gq a r e  the  g r a d i e n t s  of the b a s i c  and  s t a b i l i z i n g  t r a n s v e r s e  f i e lds  in the  n e i g h b o r h o o d  of the  e q u i l i b -  
r i u m  f i l a m e n t .  

We a s s u m e  that  Bb, Gb, and  the l ong i tud ina l  c u r r e n t  I, i nduced  in the  r i n g  by  the  b a s i c  t r a n s v e r s e  
f i e ld ,  a r e  func t ions  of t i m e  a s  f ( t )  =fo + f ~ c o s  wt, whi le  f o r  the  c a s e  in which  both  c o m p o n e n t s  a r e  n o n z e r o  
they  a r e  a s s o c i a t e d  by  the  r e l a t i o n  

I1 } Io = Bbl { Bbo = Gb~ ] Gbo. (2.3) 

Th i s  condi t ion  a l l o w s  the equa t ions  of m o t i o n s  of the r i n g  to  be  c o n s i d e r a b l y  s i m p l i f i e d .  

We omi t  the  c u m b e r s o m e  i n t e r m e d i a t e  c a l c u l a t i o n s  and g ive  the  f inal  e x p r e s s i o n  f o r  the m a g n e t i c  
s e l f - e n e r g y  Wm of the r i ng ,  ob ta ined  f r o m  f o r m u l a  (2.1), t a k i n g  (1.2), (2.2), (2.3), and the  e x p r e s s i o n  fo r  
L found in [1] in to  accoun t  

Wm = W,~ (~ + V (~ {2 (p~ -t- p, - -  P0 ao + [(K - -  2) p,~ - -  Pe -[- P~] % 
2 ( / + 4 - - K )  4 

Z P,~oeo + -7- Pa% +, (P~ +. 3p~ -- p~) (~2) 
.~ (l+4--K) ~-4z  VI ] 

4t Pae~ + [-U (l -/-. K) Pa + P~J (e~) -[- 2 (p,~ - -  p~ - -  p~)(as) 
oo 

t P a ~  n 2 2 [(A - -  gr (n)) e~ 2 + (A - -  g~(n)) 6.*]. 

1 
-~ -5- (3p .  +~p~)<a' + 

(2.4) 

aG B a t 
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H e r e  

Pe = B e 2 / 8 g ,  Pi-~- B i 2 / 8 ~  (Bi  = q ) i /ga~) ,  "Pa = B a ~ / S n  (Ba =2I@/ca) 

K = 4 b B ~ / a B a - - l ,  / = 2 ( A - - 2 ) ,  A = l a ( 8 b / a )  
n n (2.5) 

We no te  that  in v i ew of (2.3), the  p a r a m e t e r  K def ined  by  e q u a t i o n s  (2.5) i s  cons tan t .  The  r a t i o  B b / B  a 
i s  t aken  to  be  p o s i t i v e  when the  d i r e c t i o n s  of the  f i e l d s  B b and B a a r e  the  s a m e  on the o u t e r  s ide  of the 
r ing .  

In d e r i v i n g  (2.4) it was a s s u m e d  tha t  B a >> Bb, aG. A s t r i c t e r  t r e a t m e n t  ( c o m p a r e d  with the  l o c a l -  
c y l i n d e r  a p p r o x i m a t i o n  a s s u m e d  h e r e )  l e a d s  to  r e l a t i v e l y  s m a l l  c o r r e c t i o n s  on the o r d e r  a / b  in the  e x -  
p r e s s i o n  f o r  Wm. 

In a c c o r d a n c e  with (0.1)-(0.3)  the  m a g n e t i c  e n e r g y  W m of (2.4), t o g e t h e r  with the  e x p r e s s i o n s  fo r  T 
f r o m  (1.7) and  U f r o m  (1.8), g i v e s  the  g e n e r a l i z e d  p o t e n t i a l  e n e r g y  W and  the Routh func t ion  R of the  p e r -  
t u r b e d  p l a s m a  r ing .  

When the  cons t an t  t e r m s  in the  c o e f f i c i e n t s  fo r  s 0 and e0 in the  po ten t i a l  e n e r g y  W = U + W m a r e  se t  
equal  to  z e r o ,  we obta in  the  e q u i l i b r i u m  equa t ions  of the  r i n g  with  r e s p e c t  to  i t s  s m a l l e r  and  l a r g e r  r a d i i .  

~ a  + ~ ,  - -  P i  - -  Pc = 0 ,  ( K  - -  2 )  ~ a  - -  ~e  + P~ - -  P0 = 0 ,  ( 2 . 6 0  

H e r e  and  in wha t  fo l lows  an o v e r s c o r e  above  a s y m b o l  deno te s  an  a v e r a g e  with r e s p e c t  to  t i m e .  
S t r i c t l y  s p e a k i n g ,  in the  c a s e  of h i g h - f r e q u e n c y  f i e ld s  when the r a d i i  of the  r i n g  p e r f o r m  f o r c e d  o s c i l l a -  
t i ons ,  Eqs .  (2.6) e x p r e s s  the  fac t  that  t h e s e  o s c i l l a t i o n s  o c c u r  a r o u n d  the  v a l u e s  a and  b r e s p e c t i v e l y .  

3. The  r e s u l t s  ob ta ined  a b o v e  e n a b l e  u s ,  in p r i n c i p l e ,  to i n v e s t i g a t e  e q u i l i b r i u m  and  s t a b i l i t y  of a 
p l a s m a  r i n g  fo r  v a r i o u s  s t a b i l i z a t i o n  r e g i m e s  e m p l o y i n g  qua d rupo l e  and  long i tud ina l  f i e l d s .  H o w e v e r ,  
b e c a u s e  of the  coup l ing  b e t w e e n  the  s e p a r a t e  p e r t u r b a t i o n  m o d e s  a s t r i c t  a n a l y t i c  i n v e s t i g a t i o n  of s t a b i l i t y  
is  a r a t h e r  c o m p l i c a t e d  p r o b l e m .  

The  s i t u a t i o n  is  c o n s i d e r a b l y  s i m p l i f i e d  in the  l i m i t i n g  c a s e  of an in f in i t e  s t r a i g h t  f i l a m e n t ;  in p a r t i -  
c u l a r ,  the  coup l ing  b e t w e e n  h o s e p i p e  and c o n s t r i c t i v e  p e r t u r b a t i o n s  d i s a p p e a r s .  The  r e s u l t s  of i n v e s t i g a t i n g  
the s t a b i l i t y o f a  s t r a i g h t  f i l a m e n t  should  a l s o  be  a p p l i c a b l e  to  an a n n u l a r  f i l a m e n t  which i s  not h e a v i l y  
t o r o i d a l ,  a t  l e a s t  f o r  p e r t u r b a t i o n s  wi th  n >> 1. 

To m a k e  the Limit ing t r a n s i t i o n  to  a s t r a i g h t  f i l a m e n t  we se t  x = be ,  z = b6,  p = a ~ ,  and  we Let b and 
n t end  to  in f in i ty  whi l e  k e e p i n g  the  r a t i o  n / b  = K f in i te .  We obta in  the  fo l lowing  e x p r e s s i o n s  fo r  the  i n -  
s t a n t a n e o u s  k ine t i c  T 1 and  p o t e n t i a l  W 1 e n e r g i e s :  

T~ = -~- ~a ~o I T  ~o -i- Xo "~ ~ Zo TM + ~ L- (k~)~ +-~-  (x~ 
k~O 

W1 = W1 (~ + ~{2 (p~,~ + p,,~) apo + 2Tpo Oo ~ 4- (p~ -4- 3p~ - -  Pa - -  Po) <P2> 
1 . 2 1 

-~ -~- ~, (ka) ~ [Pe ,~ P~ -- Pa ,n - ~ -  -~, T(pa,o -~- peo,)] (x~ ~ + z~') 
~=/=0 

aGq B a Be Ba 
4 ---'XK-- <x2 - -  z2> -~ ~ ~, ka (x~ z,c -- xkc z~)}, (3.2) 

kr 

H e r e  p, x and z a r e  e x p a n d e d  in s e r i e s  of the f o r m  of ( l .3) ,  in which  ky  a p p e a r s  in p l a c e  of n~ .  H e r e  
y i s  the  c o o r d i n a t e  m e a s u r e d  a l o n g  the a x i s  of the  u n p e r t u r b e d  f i l a m e n t ,  a0 is  the  e q u i l i b r i u m  d e n s i t y  of 
the  p l a s m a ,  In ~ = 0.577 i s  E u l e r ' s  c o n s t a n t ,  and  the  s u b s c r i p t  w deno te s  the  h i g h - f r e q u e n c y  c omponen t s  
of the  c o r r e s p o n d i n g  q u a n t i t i e s .  

We sha l l  t r e a t  the  s t a b i l i t y  of the f i l a m e n t  r e l a t i v e  to  k ink  p e r t u r b a t i o n s  in g r e a t e r  de t a i l .  The 
k i n e t i c  e n e r g y  (3.1) f o r  k inks  a s s u m e s  the  f o r m  

T1 = -~-~a  z0 ~,  (x~ TM + z~'~)' (3.3) 
k:f:0 
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It i s  conven ien t  to r e p r e s e n t  the i n c r e m e n t  W~0) in po ten t ia l  e n e r g y  (3,2) in the f o r m  

~ ~, [C~ (z~ ~ + z~) + 1)~ (x~ ~ - z~) + 2l)+~ (z~+z~o - x~z~+)]. 
k:/:O 

(3 4) 

H e r e  

C~ = (ka) ~ [p~* + Pi* - -  P~* In (2/~ka) + 1/2 (p.o+* ~ /~*)] 
Dq = aGQB~/4~,  D+~ = k a B e B a / 4 ~  

where  the a s t e r i s k  denotes  r a t i o s  of the c o r r e s p o n d i n g  quan t i t i es  with r e s p e c t  to Pa .  In what fol lows the 
s u b s c r i p t  k will  be  omi t ted  where  this  does not  compl i ca t e  the i s s u e .  

We now pass  to the new coo rd ina t e s  u and  v def ined by the f o r m u l a s  

V~x~:=.~o+v~+,  I / ~ o =  v~o+.~+ 
V~+=~-v~o, V~+o=v~+-.~o. 

In th i s  case  

i 2 

~r (3 5) 

WI(I ) I _ = ~UPa ~, [C~(u~ ~ + v~ 2) + De~ (U~ ~ -- Vk ~) E 21)q (uk+vio -- ui~vk~)] 
~ s~O 

(% -- %c ~ u k~, vk2 ~ vks) �9 

(3, 6) 

Comparing equations (3.3) and (3.4) on the one hand and (3.5) and (3.6} on the other hand we note 

that for a system with a single quadrupole field the normal oscillations are flat coils in the xz plane when 

De = 0, while for a system with a single longitudinal field the normal oscillations are in u and v when Dq = 

0. It can easily be shown that the latter are three-dimensional helixes corresponding to perturbations with 

an azimuthal wave number m = • in the ordinary magnetohydrodynamic approach. 

The formal similarity of expressions (3.4) and (3.6) for WI(0 is an indication of the specific simi- 

larity which exists between the two types of stabilization considered, one using a quadrupole field and the 

other a longitudinal field. However, the difference in the coefficients does not allow the results of investi- 

gating one type of stabilization to be transferred directly to the other, 

The equations of motion in both particular cases in which there is either only a quadrupole or only a 

longitudinal field can be written in the form 

~'" 4- ~ ( C  -4- D)~ = 0 ( ~  = 2 ~  ! a~o). (3 7) 

Here  ~ is some  c h a r a c t e r i s t i c  f r e q u e n c y  of the s y s t e m ;  the plus s ign is for  the z and y c oo r d ina t e s  
and  the m i n u s  s ign  is for  the x and u c o o r d i n a t e s .  

In the case  of cons tan t  f ie lds  the condi t ion for  the so lu t ion  of Eq. (3, 7) to be  s tab le  is c l e a r l y  C - D > 
0. It i m m e d i a t e l y  follows f r o m  this  that  a f i l a m e n t  with a cons tan t  c u r r e n t  is u n s t a b l e  in the a b s e n c e  of a 
s t a b i l i z i n g  f ie ld .  

In fact D = 0 in th is  case ,  and  C = -(ka)21n(2/f3ka) < 0 for  su f f i c ien t ly  long wave p e r t u r b a t i o n s .  A 
cons t an t  quadrupo le  f ie ld  does not s t ab i l i z e  the f i l a m e n t  (in the a p p r o x i m a t i o n  a s s u m e d  he re  it does not  
even a p p e a r  in the e x p r e s s i o n  for  the coef f ic ien t  C). At the s a m e  t i m e  a l a r ge  cons tan t  long i tud ina l  f ie ld  
can e n s u r e  s tab i l i ty ;  t ak ing  Be = Bi >> Ba we a r r i v e  at the f a m i l i a r  S h a f r a n o v - K r u s k a l  c r i t e r i o n  

B~ > B~ } ka.  (3  S) 

If the c u r r e n t  in the f i l a m e n t  or  the ex t e rna l  f ield changes  with a high f r equency ,  the p o s s i b i l i t i e s  of 
s t ab i l i z a t i on  a r e  c o n s i d e r a b l y  g r e a t e r ,  s t ab i l i z a t i on  by m e a n s  of a quadrnpo le  f ie ld  t u r n s  out to be  poss ib le ,  

and c r i t e r i o n  (3 8) can be  r e l axed  c o n s i d e r a b l y  in the case  of a long i tud ina l  f ie ld .  
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Different var iants  of dynamic stabilization of a fine filament, with a quadrupole field, a re  t reated in 
[1.3]. The problem of the dynamic stabilization of a thin plasma fi lament by a longitudinal magnetic field 
is solved in a s imi lar  manner with the help of the equations given above. The resul ts  thus obtained a c -  
tually coincide with those obtained by the ordinary  magnetohydrodynamic method in papers  [4,5]. The the- 
ory  developed above enables us to investigate the general  case also, when both stabilizing fields, a longi-  
tudinal and a quadrupole, a re  p r e sen t  An investigation of this type is ca r r ied  out in the next section for 
one of the variants  of combined dynamic stabilization, when a high-frequency current  is excited in the f i la-  
ment and the stabilizing fields a re  constant. 

4 It is well known (see, for example, [1, 3-5]) that long-wave kinks in a cu r r en t - ca r ry ing  plasma f i la-  
ment a re  bet ter  stabilized by a quadrupole magnetic field, while shor t -wave kinks a re  bet ter  stabilized by 
a longitudinal f ie ld  

It is natural to assume that by combining a quadrupole field with a longitudinal field, we should be 
able to extend the range of perturbations which can be stabilized, or al ternat ively decrease  the strength 
of the stabilizing fields, The most  convenient sys t em is one in which a filament with an alternating c u r -  
rent I(~ = I s cos wt is stabilized by constant quadrupole and longitudinal fields. We then have for the coeffi-  
cients of the potential energy 

C ~ Co-{- C~ cos 2~ot, Dq = Dell cos (ot, D e = De1 cosc0t 

where Co, C2, Dq~ and D e I a re  constants .  When Dq and De a re  harmonic functions of time, the coordinates 
x and z (or u and v) appear  ent irely symmet r i ca l ly  in the expression for W (1) as well as in the exp res -  
sion for T t- It is well known (see, for example, [6]) that in this case the sys tem exhibits so called "differ-  
ence" resonance of coupling, in which energy is pumped f rom one partial oscillation to another, while the 
total energy remains  constant, and consequently the amplitude of each oscillation cannot increase  without 
limit. Thus coupling in this case does not des t roy the stabili ty of the sys tem if the filament is stable with 
one of the stabilizing fields; it remains  stable on the introduction of the other f ie ld  This means  that the 
stabili ty c r i t e r i a  obtained for a f i lament with an al ternating current  in quadrupole [3] and longitudinal[5] 
fields are  a lso sufficient stability conditions in the general case of combined stabilization. 

Allowing for both stabilizing fields s imultaneously should, c lear ly  lead to a less  res t r ic t ive  s tabi l -  
ity cr i ter ion than in [3] or  [5]. It is, however, exceedingly difficult to c a r r y  out this calculation exactly by 
investigating a sys t em of coupled equations with periodic coefficients. Keeping in mind what has been a l -  
ready said, we shall confine ourselves  to considering motion averaged over the rapid oscillations, a s s u m -  
ing that the frequency w is much grea te r  than the charac te r i s t i c  frequency of oscillation or  the instability 
increment  of the sys tem in the absence of oscil lation. 

The effective potential energy of average  motion is defined [7] by the equation 

- -  I ~ i X ~ -1 oWj~  oWj,~ 
W~tt = W ~ ~ ~ ~ ~ aik 

z j % ~,~ O~ i a~ k 

Here Wjw is the component of potential energy;  oscil lating with frequency wj �9 aik TM a re  elements of 
a matr ix  which is the inverse of the matr ix  of the coefficients in the kinetic energy of this sys tem.  In the 
present  case we obtain, a f ter  some caleulations~ 

W ( 1 )  ~ _ { 2 ~ r pq* , ( z  -~ )~l} �9 _Ugpa ~,(ka)Z p e , + p i * - - l n ~ - } - - ~ : [ ( - - ( - ~ - ~ - a ) ~ + p , * + ~ - - - ~ ( k a  )'  In  ~ka (xk2-~z/~2). (4 1) 
k ~ 0  

where v = w / ~ ,  and pq = (aGq)2/87r. An important charac te r i s t i c  of expression (4.1) is the absence of 'cross 
t e rms .  This means that in smooth motion the separa te  harmonics  in the perturbation a re  not coupled to 
each other, i.e., they are  normal  modes of the system.  

The condition for  the method of averaging to be applicable has the fo rm 

2 �9 v2 >~ (ka)~l Pe* + Pi* -- In --~-1' pq*V~ (4.2) 
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If, t a k i n g  (4.2) in to  accoun t ,  we n e g l e c t  the  l a s t  t e r m  in b r a c k e t s  in (4.1) the  s t a b i l i t y  c r i t e r i o n  f o r  a 
f i l a m e n t  r e l a t i v e  to k inks  can be  w r i t t e n  in the  f o r m  

pq*/(ka) 2 -~ (i + 1]4~) Pe* JF 1/4~P~* ~ 1]4v~ln(U/~ka)" (4.3) 

Se t t ing  pq* = 0 o r  Pe* = 0 we ob ta in  the  s t a b i l i t y  c o n d i t i o n s  fo r  a f i l a m e n t  in the  p a r t i c u l a r  c a s e s  in 
which  t h e r e  is  only a l ong i tud ina l  o r  only  a q u a d r u p o l e  s t a b i l i z i n g  f ie ld .  

F i g u r e s  1 and  2 i l l u s t r a t e  c r i t e r i o n  (4.3) f o r  B e = B i and  v = 2, s a t i s f y i n g  cond i t ion  (4.2). A s  is to  be  
e x p e c t e d ,  the  i n t r o d u c t i o n  of a l ong i tud ina l  f i e l d  a l l o w s  the qua d rupo l e  f i e l d  to be  d e c r e a s e d  (or m o r e  
e x a c t l y ,  i t s  g r ad i en t ) .  The  g r e a t e r  ka ,  i . e . ,  the  s m a l l e r  the  w a ve l e ng th  of the  p e r t u r b a t i o n  (Fig.  1), the  
m o r e  i t  can be  d e c r e a s e d .  On the  o t h e r  hand, a q u a d r u p o l e  f i e ld  a l l o w s  the long i tud ina l  f i e l d  to be  d e -  
c r e a s e d .  The  s m a l l e r  ka ,  i . e . ,  the  l a r g e r  the  wave l eng th  of the  p e r t u r b a t i o n ,  the  m o r e  it can be  d e c r e a s e d  
(Fig.  2). 

A s  the  p a r a m e t e r  v i n c r e a s e s ,  the  s t a b i l i z i n g  f i e l d s  a l s o  i n c r e a s e  a s  can be  s een  f r o m  (4.3). The  
q u a d r u p o l e  f i e l d  i n c r e a s e s  much  m o r e  r a p i d l y  than the  long i tud ina l  f ie ld .  

We sha l l  now b r i e f l y  dwel l  on the s t a b i l i t y  of the  f i l a m e n t  r e l a t i v e  to  c o n s t r i c t i v e - t y p e  p e r t u r b a t i o n s .  
It can e a s i l y  be  s een  that  f o r m a l l y  the  s a m e  equa t ions  a r e  ob t a ined  f o r  p e r t u r b a t i o n s  of th i s  t ype  a s  in [3] 
fo r  the  c a s e  B e = 0. If v ~ 1, the  s t a b i l i t y  condi t ion  fo r  the  c o n s t r i c t i o n s  t h e m s e l v e s  (k ~ 0) v i r t u a l l y  c o i n -  
c i d e s  with the  w e l l - k n o w n  c r i t e r i o n  fo r  the  s t a b i l i z a t i o n  of a f r o z e n - i n  m a g n e t i c  f i e ld  

P~* > i / 2  (4.4) 

When (4.4) i s  s a t i s f i e d ,  o s c i l l a t i o n s  of the  f i l a m e n t  r a d i u s  a l s o  t u rn  out to be  s t a b l e  if  we t ake  into 
accoun t  the  bandwid ths  of p a r a m e t r i c  r e s o n a n c e  which a r e  s t i l l  n a r r o w e r  than t h o s e  in [3]. The  n a r r o w i n g  
of the  r e s o n a n c e  r e g i o n s  c o m e s  about  a s  the  r e s u l t  of an i n c r e a s e  in the  r i g i d i t y  of the s y s t e m  b e c a u s e  of 
the cons t an t  e x t e r n a l  m a g n e t i c  f i e l d  B e . 

If the  r e l a t i v e  " cos t "  of q u a d r u p o l e  and long i tud ina l  f i e l d s  is  known, b y  u s i n g  d i a g r a m s  s i m i l a r  to  
t h o s e  g iven  in F i g s .  1 and  2 and  t ak ing  c r i t e r i o n  (4.4) in to  accoun t ,  we can s e l e c t  the  o p t i m u m  o p e r a t i n g  
r e g i m e  f o r  the  s y s t e m .  

In c o n c l u s i o n  the a u t h o r  w i s h e s  to  thank  M. L. Lev in  f o r  u se fu l  d i s c u s s i o n s  and  a d v i c e .  
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